Abstract. Given convex polytopes P 1 , . . . , P r ⊂ R n and finite subsets W I of the Minkowsky sums P I = i∈I P i , we consider the quantity
n and finite subsets W I of the Minkowsky sums P I = i∈I P i , we consider the quantity N (W) = I⊂[r] (−1) r−|I| W I .
If W I = Z n ∩ P I and P 1 , . . . , P n are lattice polytopes in R n , then N (W) is the classical mixed volume of P 1 , . . . , P n giving the number of complex solutions of a general complex polynomial system with Newton polytopes P 1 , . . . , P n . We develop a technique that we call irrational mixed decomposition which allows us to estimate N (W) under some assumptions on the family W = (W I ). In particular, we are able to show the nonnegativity of N (W) in some important cases. A special attention is paid to the family W = (W I ) defined by W I = i∈I W i , where W 1 , . . . , W r are finite subsets of P 1 , . . . , P r . The associated quantity N (W) is called discrete mixed volume of W 1 , . . . , W r . Using our irrational mixed decomposition technique, we show that for r = n the discrete mixed volume is an upper bound for the number of nondegenerate solutions of a tropical polynomial system with supports W 1 , . . . , W n ⊂ R n . We also prove that the discrete mixed volume associated with W 1 , . . . , W r is bounded from above by the Kouchnirenko number r i=1 (|W i | − 1). For r = n this number was proposed as a bound for the number of nondegenerate positive solutions of any real polynomial system with supports W 1 , . . . , W n ⊂ R n . This conjecture was disproved, but our result shows that the Kouchnirenko number is a sharp bound for the number of nondegenerate positive solutions of real polynomial systems constructed by means of the combinatorial patchworking.
Introduction
It follows from Descartes' rule of signs that a real univariate polynomial with N monomials has at most N −1 positive roots. This Descartes bound is sharp and a major problem in real geometry consists in generalizing such a sharp bound to the multivariable case. The support of a Laurent polynomial f (x) = c w x w ∈ R[x bound is the sharp bound for systems where each variable appears in one and only one equation. Kouchnirenko conjecture has been disproved a bit later by a russian student K. Sevostyanov. The counter-example was lost but a counter-example of the same kind was found in 2002 by B. Hass [10] . Both counter-examples are systems of two trinomial equations in two variables with 5 > (3 − 1)(3 − 1) nondegenererate positive solutions. T. Li, J.-M. Rojas and X. Wang showed that 5 is in fact the sharp bound for this kind of polynomial system [15] . In 1980, A. Khovansky [13] found several bounds on topological invariants of varieties in terms of quantities measuring the complexity of their defining equations. In particular, he obtained fewnomial bounds for the number of nondegenerate positive solutions of polynomial systems, which were improved in 2007 by F. Sottile and F. Bihan [6] . But still the resulting bounds are not sharp in general. Let us denote by P i the convex-hull of the support W i of the polynomial f i . This is the Newton polytope of f i . The famous Bernstein Theorem (see [3] ) bounds the number of nondegenerate complex solutions with nonzero coordinates of f 1 = · · · = f n = 0 by the mixed volume of P 1 , . . . , P n . Write P I for the Minkowsky sum i∈I P i , where I is any nonempty subset of [n] = {1, 2, . . . , n}. We have the classical formula for the mixed volume (−1) n−|I| Vol(P I ),
where Vol(·) is the usual euclidian volume in R n . For instance, when n = 2 we get MV(P 1 , P 2 ) = Vol(P 1 + P 2 ) − Vol(P 1 ) − Vol(P 2 ). Another probably less known formula involves the set of integer points of the polytopes P I :
(1.2) MV(P 1 , . . . , P n ) =
I⊂[n]
(−1) n−|I| |Z n ∩ P I |, where the summation is taken over all subsets I of [n] including the emptyset with the convention that |Z n ∩ P ∅ | = 1.
For any nonempty I ⊂ [n], write W I for the set of points i∈I w i over all w i ∈ W i with i ∈ I. Note that P I is the convex-hull of W I . In view of (1.1) and (1.2), it is natural to expect that a generalized Descartes bound should depend not only on the numbers of elements of W 1 , . . . , W n , but also on the number of elements of all sums W I . This leads us to define for any number r of finite sets W 1 , . . . , W r in R n the associated discrete mixed volume (−1) r−|I| W I , where the sum is taken over all subsets I of [r] including the empty set with the convention that |W ∅ | = 1. Note that we do not impose that the sets W i are contained in Z n . For instance, when r = 2 we have D(W 1 , W 2 ) = |W 1 + W 2 | − |W 1 | − |W 2 | + 1. We observe that |W 1 + W 2 | ≤ |W 1 | · |W 2 |, which readily implies that D(W 1 , W 2 ) is bounded from above by the Kouchnirenko number (|W 1 | − 1)(|W 2 | − 1). As a consequence, the above-mentionned counter-examples to the Kouchnirenko conjecture show that the discrete mixed volume (with r = n) is not in general an upper bound for the number of nondegenerate positive solutions of real polynomial systems with given supports. However, we shall see that it provides bounds of this kind for tropical polynomial systems and real polynomial systems constructed by the combinatorial patchworking.
Tropical algebraic geometry is a recent area of mathematics which has led to several important results in different domains like real and complex geometry, enumerative geometry and combinatorics to cite only very few of them. A tropical polynomial is a polynomial where the classical addition and multiplication are replaced with the maximum and the classical addition, respectively. Thus a tropical polynomial is the maximum of a finite number of affine-linear functions. A tropical hypersurface in R n is the corner locus of a tropical polynomial in n variables. This is a piecewise linear (n − 1)-manifold in R n . A tropical polynomial also determines a convex polyhedral subdivision of its Newton polytope. This subdivision is dual to the tropical hypersurface via a bijection sending a polytope of positive dimension to a piece of complementary dimension and a vertex of the subdivision to a connected component of the complementary part of the tropical hypersurface.
The union of tropical hypersurfaces in R n is dual to a mixed subdivision of the Minkowsky sum of their Newton polytopes. Tropical hypersurfaces intersect transversely at a point p ∈ R n if the codimensions of the linear pieces of the tropical hypersurfaces which contain p in their relative interior sum up to the codimension of their common intersection (see [7] ) . A transverse intersection point of tropical hypersurfaces will be called nondegenerate by analogy with the classical case. Nondegenerate solutions of a system of n tropical polynomial equations in n variables are in one-to-one correspondence with the mixed polytopes of the dual mixed subdivision, which are n-dimensional Minkowsky sums of n segments. We show that the discrete mixed volume provides a fewnomial bound for the number of nondegenerate solutions of a tropical polynomial system. Theorem 1.1. The number of nondegenerate solutions of a system of tropical polynomial equations with supports
To prove this result we develop a technique called irrational mixed decomposition which is mainly inspired by Chapter 7 of [8] . We note that this irrational decomposition trick has also been used in the unmixed case in [2] . Given convex polytopes P 1 , . . . , P r ⊂ R n and finite subsets W I of the Minkowsky sums P I = i∈I P i , we consider the quantity
r−|I| W I . For instance, if the polytopes are n lattice polytopes in R n and W I = Z n ∩P I , then N (W) coincides with the classical mixed volume of P 1 , . . . , P n . The discrete mixed volume D(W 1 , . . . , W r ) coincides with the quantity N (W) associated with the family W = (W I ) defined by W I = i∈I W i . Our irrational mixed decomposition allows us to estimate N (W) under some assumptions on W. In particular, we are able to show the nonnegativity of N (W) in some important cases (see Theorem 4.15), for instance, when W is defined by W I = Z n ∩ P I for any number r of lattice polytopes (−1) r−|I| Z n ∩ P I ≥ 0.
To our knowledge, Theorem 1.2 is new except item (2) with r = n or r = n − 1 (see Section 4).
In the late 1970's Oleg Viro invented a powerful method to construct real algebraic varieties with prescribed topology. The Viro method can be seen as one of the root of tropical geometry. Basically, one consider a real polynomial f whose coefficients depend polynomially on a real parameter t > 0. The smallest exponents of t in the coefficients of f define a convex subdivision of its Newton polytope. The combinatorial patchworking arises when this subdivision is a triangulation whose set of vertices coincides with the support of f . Viro patchworking Theorem asserts that for t > 0 small enough the topological type of the hypersurface defined by f in the real positive orthant can be read off the signs of the coefficients of the powers of t with smallest exponents and the triangulation. In fact, one can see such a polynomial f as a polynomial with coefficients in the field of real Puiseux series, and define the positive part of the corresponding tropical hypersurface taking into account of these signs. Then, the Viro patchworking Theorem can be rephrased by saying that for t > 0 small enough the topological type of of the hypersurface defined by f in the real positive orthant is homeomorphic to the positive part of the corresponding tropical hypersurface. Similarly, one can also consider systems of n polynomials in n variables whose coefficients depend polynomially on t. The smallest exponents of t in the coefficients of these polynomials define a convex mixed subdivision of the Minkowsky sum of their Newton polytopes. Assume that each individual convex subdivision is as above a triangulation whose set of vertices is the support of the corresponding polynomial. Assume furthermore that the associated convex mixed subdivision is pure. Then, by a generalization of the Viro patchworking Theorem due to B. Sturmfels [22] , for t > 0 small enough the number of solutions of the polynomial system which are contained in the real positive orthant is equal to the number of nonempty mixed polytopes of the mixed subdivision. Recall that in this situation a mixed polytope is a Minkowsky sum of n segments, and that the vertices of each segment correspond to a pair of monomials of one single polynomial in the system. Such a mixed polytope is called nonempty when the coefficients of each pair of monomials have oppositive signs. Fixing the individual supports W 1 , . . . , W n ⊂ R n , and varying the smallest exponents of t and the corresponding coefficient signs, one can look at the maximal number T (W 1 , . . . , W n ) of nonempty mixed polytopes that can be obtained. From the tropical point of view, this quantity is the maximal number of nondegenerate positive solutions a tropical polynomial system with fixed supports W 1 , . . . , W n ⊂ R n can have. In 1996, I. Itenberg and M.-F. Roy [12] made the conjecture that T (W 1 , . . . , W n ) is the maximal number of nondegenerate positive solutions a real polynomial system with supports W 1 , . . . , W n can have. This was disproved in 1998 by Lee and Wang [16] , but still the problem of finding an explicit upper bound for T (W 1 , . . . , W n ) was open in general. Such an explicit bound is important since it gives the limits of the combinatorial patchworking method, which is one of the most powerful method for constructing polynomial systems with many positive solutions. Such an explicit bound follows straightforwardly from Theorem 1.1.
Thus a real polynomial system with support W 1 , . . . , W n ⊂ R n and which is constructed by the combinatorial patchworking Viro method has at most D(W 1 , . . . , W n ) positive solutions.
In fact Theorem 1.3 is true for a more general version of the Viro patchworking theorem arising when it is only assumed that the mixed subdivision is pure (this is the version obtained in [5] ). We already observed that 
(|W i | − 1).
Combined with Theorem 1.1, this gives a sharp fewnomial bound for tropical polynomial systems.
Theorem 1.5. The Kouchnirenko number i∈[n] (|W i | − 1) is a sharp bound for the number of nondegenerate solutions of a system of tropical polynomial equations with supports
Combining Theorem 1.3 and 1.4 we obtain the following remarkable result, relating the Kouchnirenko conjecture to the conjecture proposed by Itenberg and Roy. Theorem 1.6. Kouchnirenko conjecture is true for polynomial systems constructed by the combinatorial patchworking Viro method, or equivalently, for tropical polynomial systems.
The present paper is organized as follows. In Section 2 and Section 3 we recall basic facts about tropical geometry and the classical mixed volume. Section 4 is devoted to our mixed irrational decomposition trick and contains some applications. The last section is concerned with the discrete mixed volume and fewnomial bounds for tropical polynomial systems.
We would like to thank Benjamin Nill for his interest in this work and useful discussions.
Tropical hypersurfaces and combinatorial patchworking
We recall basic facts about convex subdivisions and tropical hypersurfaces. Standard references are for instance [9] , [11] , [17] , [20] . We also adress the reader to [4] for a detailed exposition with the same notations. A polytope in R n is the convex-hull of a finite number of points. It is called a lattice polytope if its vertices belong to Z n . The lower part of a polytope P ⊂ R n with respect to a nonzero vector δ ∈ R n is the set P δ defined as follows.
If dim P < n, then P δ = P . If dim P = n, then P δ is the union of all (closed) facets of P with inward normal vectors n such that n, δ > 0. Consider a finite set W ⊂ R n and a map µ : W → R. Let P be the convex-hull of W andP ⊂ R n+1 be the convex-hull of the set of points (w, µ(w)) over all w ∈ W. The lower part ofP is its lower part with respect to the vertical vector δ = (0, . . . , 0, 1). A lower face of P is a face of P contained in its lower part. Projecting the lower faces of P onto P via the projection π : R n+1 → R n forgetting the last coordinate, we obtain a polyhedral subdivision of P called convex subdivision of P associated with µ. Consider finite sets W 1 , . . . , W r in R n . The sum W 1 + · · · + W r is the set of points w 1 + · · · + w r over all (w 1 , . . . , w r ) ∈ W 1 × · · · × W r . Let P i be the convex-hull of W i . The Minkowsky sum P = P 1 + · · · + P r is the convex hull of W = W 1 + · · · + W r . Consider now maps µ i : W i → R and denote byP i the convex-hull of the set of points (w i , µ i (w i )) over all w i ∈ W i . LetP be the Minkowsky sumP 1 + · · · +P r . Denote by S i the convex subdivision of P i associated with µ i . Projecting the lower faces ofP via π, we obtain a convex subdivision S called convex mixed subdivision of P associated with (µ 1 , . . . , µ r ). Any lower face F ofP can be uniquely written as a Minkowsky sum of lower faces F 1 , . . . , F r ofP 1 , . . . ,P r . Indeed, if F is the largest face ofP where the restriction tô P of a linear function n, · attains its minimum, then F i is the largest face ofP i where the same function attained its minimum onP i . Projecting onto P via π, this induces a privileged writing of any polytope Q ∈ S as a Minkowsky sum Q = Q 1 + · · · + Q r , where Q i ∈ S i for i = 1, . . . , r. Note that such a writing is not unique in general, and we should always refer to the previous privileged one when writing Q = Q 1 + · · · + Q r with Q ∈ S and Q i ∈ S i for i = 1, . . . , r. = + Figure 3 . A pure convex mixed subdivision and the corresponding arrangement of tropical curves.
A tropical polynomial is a polynomial w∈W a w x w with real coefficients, where the classical addition and multiplication are replaced with the maximum and the classical addition, respectively. Thus a tropical polynomial is the maximum of a finite number of affine-linear functions. A tropical hypersurface in R n is the corner locus of a tropical polynomial in n variables. It is a piecewise linear (n − 1)-manifold in R n , whose pieces together with the connected components of the complementary part form a subdivision of R n . This subdivision is dual to the convex polyhedral subdivision S of the convex hull P of W associated with the map µ : W → R, w → −a w . This duality is a bijection which reverses the dimensions and sends a piece of the tropical hypersurface to a polytope contained in some orthogonal affine space. Note that some monomial of a tropical polynomial may not contribute when taking the maximum of the corresponding linear functions. In fact, the monomials which contribute correspond precisely to the vertices of the subdivision dual to the associated tropical hypersurface, so that this set of vertices can be thought of as the support of the tropical polynomial.
Consider tropical hypersurfaces in R n defined by tropical polynomials f 1 , . . . , f r with newton polytopes P 1 , . . . , P r . Each polynomial f i gives rise a to a subdivision of R n dual to the convex subdivision S i of P i associated with a map µ i . The pieces of the union of the tropical hypersurfaces defined by f 1 , . . . , f r together with the connected components of the complementary part of this union form a subdivision of R n . This subdivision is dual in the previous sense to the convex mixed subdivision S of the Minkowsky sum P = P 1 +· · ·+P r associated with the maps µ 1 , . . . , µ r . As before, this duality is a bijection which reverses the dimension and sends a piece to a polytope contained in some orthogonal affine space. If ξ is a piece dual to a polytope Q ∈ S such that Q = Q 1 + · · · + Q r with Q i ∈ S i for i = 1, . . . , r (this is the privileged writing described above), then ξ = ∩ r i=1 ξ i where ξ i is the piece of the subdivision of R n induced by f i which is dual to Q i . Moreover, these pieces ξ i are the smallest such that ξ = ∩ r i=1 ξ i (in other words ξ is contained in the relative interior of each ξ i ). Note that the connected components of complementary part of the union of the tropical hypersurfaces are dual to polytopes Q = Q 1 + · · · + Q r ∈ S such that at least one Q i is a vertex of the subdivision S i . The tropical hypersurfaces defined by f 1 , . . . , f r intersect transversely at a common intersection point p if the codimensions of the linear pieces ξ 1 , . . . , ξ r of the tropical hypersurfaces which contain p in their relative interior sum up to the codimension of their common intersection. This is equivalent to dim Q = dim Q 1 + · · · + dim Q r for the polytope Q = Q 1 + · · · + Q r ∈ S dual do the piece ξ containing p in its relative interior. This is the usual notion of transversality for tropical hypersurfaces, see [7] for instance. Therefore, transversal common intersection points of the tropical hypersurfaces defined by f 1 , . . . , f r are in bijection with the polytopes
. . , r. Such a polytope Q is called mixed polytope. When r = n, a mixed polytope is an n-dimensional polytope Q = Q 1 + · · · + Q n ∈ S such that each Q i is a segment, and thus nondegenerate solutions of a system of n tropical polynomial equations in n variables are in bijection with these mixed polytopes.
A mixed subdivision S is called pure when dim Q = r i=1 dim Q i for each Q = Q 1 + · · · + Q r ∈ S, including non mixed polytopes Q (for which some summand Q i is a point). This means that any common intersection of some tropical hypersurfaces among those defined by f 1 , . . . , f r is a transversal intersection point.
Consider the field K of complex Puiseux series. Denote by V al the map sending a Puiseux series to minus its valuation et extend with respect to each coordinate to a map
w . Kapranov's theorem asserts that the image by V al of the hypersurface defined by g is the tropical hypersurface defined by f = T rop(g). Moreover, this tropical hypersurface is dual to the convex subdivision of the convex-hull P of W associated with the map µ = −V al. Consider now polynomials g 1 , . . . , g n in n variables with coefficients in K. Set f i = T rop(g i ), let P i be the Newton polytope of f i and denote as above by S i the associated convex subdivision of P i . Assume that the tropical hypersurfaces defined by f 1 , . . . , f n intersect transversally, which means that the dual convex mixed subdivision S of P = P 1 + · · · + P n is pure. Assume that the system g 1 = · · · = g n has a finite number of solutions in (K * ) n . Then, the number of such solutions counted with multiplicities which project to a given solution of the tropical polynomial system f 1 = · · · = f n = 0 is equal to the euclidian volume of the dual mixed polytope. This implies that the total number of solutions of the system
n is equal (when it is finite) to the mixed volume of the Newton polytopes P 1 , . . . , P n . Assume now that each polynomial g i has coefficients in the field of real Puiseux series. Consider a vertex w ∈ S i and let s(w) be the coefficient of the corresponding monomial of g i . Hence s(w) is a real Puiseux series in the variable t, with some valuation v, s(w) = at v plus higher order terms (v = −V al(s(w)) with our notations). Define the sign (plus or minus) of w as the sign of the coefficient of s(w) corresponding to the smallest exponent: if s(w) = at v plus higher order terms, so that V al(s(w)) = −v, then the sign of s(w) is + if a > 0 and − otherwise. A segment Q i ∈ S i is called nonempty if its enpoints have opposite signs. Define the positive part of the tropical hypersurface defined by f i as the union of all pieces of the tropical hypersurface which are dual to nonempty segments in S i . Then the common intersection point of the positive parts of the tropical hypersurfaces defined by f 1 , . . . , f n are dual to the mixed polytopes Q = Q 1 + · · · + Q n ∈ S such that each segment Q i is non-empty. Such a mixed polytope is called nonempty (see Figure 6 ). The combinatorial patchworking theorem for zero-dimensional varieties obtained in [22] can be described as follows. Consider a polynomial system g 1,
where t is some positive parameter and µ i : W i → R. We may see each polynomial g i,t as a polynomial with coefficient in the field of real Puiseux series in t, and consider the corresponding tropical polynomial system f 1 = · · · = f n = 0 as above. Assume that each convex subvision S i is a triangulation with set of vertices W i , and that the convex mixed subdivision S is pure. Then, the combinatorial patchworking theorem asserts that for t > 0 small enough the number of nondegenerate positive solutions of the system g 1,t (x) = · · · = g n,t (x) = 0 coincides with the number of positive solutions of the tropical polynomial system f 1 = · · · = f n = 0, and thus to the number of nonempty mixed polytopes of S. s 2 ) , where s i is the sign of the vertex v i ∈ S i . In Figure 7 we get 3 transversal intersections points, two of them are positive points, while in Figure 8 we get one transversal intersection point which is a positive point.
Classical mixed volume
We recall here basic results about the classical mixed volume which will be useful later. Consider polytopes P 1 , . . . , P n in R n . Assume that P = P 1 + · · · + P n has dimension n. For any non negative real numbers λ 1 , . . . , λ n , the function (λ 1 , . . . , λ n ) → Vol n (λ 1 P 1 + · · · + λ n P n ) is homogeneous of degree n (without the assumption dim P = n, this map is homogeneous of degree dim P ). The mixed volume MV(P 1 , . . . , P n ) is the coefficient of the monomial λ 1 · · · λ n in this polynomial. We have the classical result (see [8] for instance).
Proposition 3.1. Let W 1 , . . . , W n be finite subsets of Z n with convex-hulls Q 1 , . . . , Q n , respectively. Assume that each Q i is a segment and that dim Q = dim Q 1 + · · · + dim Q n , where Q = Q 1 + · · · + Q n . Then, for any sufficiently small vector δ ∈ R n not parallel to a face of Q, we have
With the help of a convex pure mixed subdivision of P = P 1 +· · ·+P n , we may compute MV(P 1 , . . . , P n ) by means of the following classical result. Proposition 3.2. Let S be any convex pure mixed subdivision of
A proof of Proposition 3.2 goes as follows. Assume that the convex pure mixed subdivision S is associated with maps µ 1 , . . . , µ n , where µ i is some real-valued map defined on a finite set W i with convex-hull P i . Then, for any nonnegative real number λ 1 , . . . , λ n , the convex mixed subdivision of λP 1 + · · · + λ n P n associated with the maps
We obviously have
the latter equality coming from the fact that S is pure. The coefficient of λ 1 · · · λ n in the last expression is precisely the total volume of the mixed polytopes of S.
As it is well-known, Proposition 3.2 and its proof can be generalized to any number of polytopes as follows. Let P 1 , . . . , P r be polytopes in R n such that P = P 1 + · · · + P r has dimension n. Let S be a convex pure mixed subdivision of P . The function (λ 1 , . . . , λ r ) → Vol n (λ 1 P 1 +· · ·+λ r P r ) defined for any non negative real numbers λ 1 , . . . , λ r is homogeneous of degree n. The coefficient of λ a 1 1 · · · λ ar r is equal to the sum Vol n (Q) over all polytopes Q = Q 1 + · · · + Q r ∈ S such that dim Q i = a i for i = 1, . . . , r. Moreover, this coefficient is equal to 1 a 1 !···ar! · MV n (P 1 , . . . , P 1 , . . . , P r , . . . , P r ), where P i is repeated a i times.
We have the following alternative definition of the mixed volume. Proposition 3.3. We have
A proof of Proposition 3.3 can be obtained using Proposition 3.2 and the inclusionexclusion principle. We present such a proof as a warm up for the proof of Proposition 4.8 in Section 4. Consider any pure convex mixed subdivision S of P . We have Vol n (P ) = Q∈S Vol n (Q), where it suffices to take the sum over all n-dimensional polytopes Q ∈ S. Since S is pure, any n-dimensional polytope Q = Q 1 + · · · + Q n ∈ S which is not a mixed polytope should have at least one zero-dimensional summand Q i . Therefore,
and thus by inclusion-exclusion principle MV n (P 1 , . . . , P n ) = Vol n (P ) +
Vol n (Q).
It remains to see that for any I [n] we have
This is a consequence of the following easy result, which will be also used in Section 4.
Lemma 3.4. Let P 1 , . . . , P r ⊂ R n be polytopes in R n with Minkowsky sum P of dimension m. Let S be a convex pure mixed subdivision of P associated with function µ 1 , . . . , µ r . For any nonempty I ⊂ [r], denote by S I the convex pure mixed subdivision of P I = i∈I P i . For any nonempty I
[r] and any m-dimensional polytope Q I ∈ S I , there exists an unique vertex v Q I ∈ S I c , where
∈ I arises in this way.
Proof. Without loss of generality, we may assume m = n. Any n-dimensional polytope Q I ∈ S I is the image by the vertical projection of a lower n-dimensional facet of i∈IP i . Let u ∈ R n+1 such that the restriction to i∈IP i of the linear map u, · takes its minimal value on this facet. For i / ∈ I, letQ i be the face ofP i where the restriction of the previous linear map takes its minimal value. Let Q i ∈ S i be the image ofQ i under the vertical projection. Then Q I + i / ∈I Q i belongs to S. But since S is pure and dim Q I = n, we should have dim Q i = 0 for all i / ∈ I. The converse is obvious.
Mixed irrational decomposition
Let P 1 , . . . , P r be polytopes in R n with Minkowsky sum P . Denote by m the dimension of P . Consider functions µ i : V i → R, i = 1, . . . , r, where V i is a finite set with convex-hull P i . Assume that the convex mixed subdivision S of P associated with (µ 1 , . . . , µ r ) is pure. Consider the pure mixed subdivision S I of P I = i∈I P i associated with µ I with i ∈ I and denote by V I its set of vertices. We may assume for simplicity that the convex subdivision of P i associated with µ i is V i , so that V {i} = V i .
Suppose that for any nonempty I ⊂ [r], a finite subset W I of P I is given. We set W = W [r] and W i = W {i} for i = 1, . . . , r. By Lemma 3.4, for any nonempty I
[r], and any m-dimensional polytope Q I ∈ S I , there exists an unique vertex v Q I ∈ S I c , where . We simply say that W satisfies property (S) if there are functions µ 1 , . . . , µ r as above such that W satisfies property (S) with respect to these functions.
Here are our main examples of families satisfying property (S). Note that in all these examples, but the last one, the family satisfies the stronger property that for any nonempty I [r], any J ⊂ [r] \ I and any points v j ∈ V j with j ∈ J we have Note that taking the relative interior instead of the absolute interior in items (3) and (4) of Example 4.1 produce families which do not satisfy property (S). For instance, take for P 1 and P 2 two non parallel segments with integer vertices in R 2 and for W I the set of integer points in the relative interior of P I . If v is a vertex of P 1 , then v + W 2 is not contained in the relative interior of P 1 + P 2 , hence this family does not satisfy property (S). A key lemma is the following one. It follows directly from Lemma 3.4. 
mapping a point w ∈ δ + Q I , where Q I ∈ S I has dimension m, to the point w + v Q I , where v Q I ∈ S I c is the vertex such that Q I + v Q I is an m-polytope Q of S.
Later on we will speak about ϕ S,I even if the source space W I ∩ (δ + P I ) is empty. But in that case we make the convention that the image of ϕ S,I is also empty. We denote by Exc S,I,δ the complementary part of the image of ϕ S,I . Set
Exc S,I,δ , and call excessive any point of Exc S,δ . = + Figure 9 . An excessive point. Recall that the lower part P δ of a polytope P ⊂ R n with respect to δ ∈ R n is equal to P if dim P < n or to the union of all (closed) facets of P with inward normal vectors n such that n, δ > 0 if dim P = n. The following results are obvious.
Lemma 4.4. Let P be a polytope in R n and let W be a subset of P . If δ ∈ R n is a sufficiently small vector, then we have a disjoint union
By small vector, we mean a vector with small norm.
Lemma 4.5. Let P be a polytope in R n and let W be a subset of P . For any δ ∈ R n , the quotient map π : R n → R n / δ induces a bijection between W ∩ P δ and π(W ∩ P δ ). , where F I = i∈I F i , satisfies property (S) with respect to the restrictions of µ 1 , . . . , µ r to F 1 , . . . , F r respectively.
Given a family (W I ) I⊂[r]
, we consider the alternating sum
where the sum is over all subsets of [r] including the emptyset, with the convention that |W ∅ | = 1. For δ ∈ R n , we also consider the quantity
with the convention that |W ∅ ∩ (P ∅ ) δ | = 1. • Consider the family in item (2). If r = n then we get
which as it is well-known coincides with the mixed volume M V (P 1 , . . . , P n ).
• The same conclusion holds true for the family in item (4) provided that r = n and dim P i = n for i = 1, . . . , n.
• Consider again the family in item (4). If dim P i = n for i = 1, . . . , n and r ≤ n, then N (W) coincides with the genus of a generic complex complete intersection defined by polynomials with Newton polytopes P 1 , . . . , P r in the projective toric variety associated with P = P 1 , . . . , P r (see [14] ).
Later on we will provide an interpretation of the sum N (W) associated with the family in item (5) . . . , µ r ). If δ is a sufficiently small vector of R n which is not parallel to any polytope of S, then
where A is the sum Q∈S, dim(Q i )≥1 |W ∩ (δ + Q)| over all polytopes Q = Q 1 + · · · + Q r ∈ S such that dim(Q i ) ≥ 1 for i = 1, . . . , r (in other words, over all mixed polytopes Q ∈ S).
Proof. Since δ is not parallel to a polytope of S, the set W ∩ (δ + P ) is the disjoint union of the sets W ∩ (δ + Q) over all n-dimensional polytopes Q of S. This gives using Lemma 4.2
Im ϕ S,I |.
By inclusion-exclusion principle and injectivity of ϕ S,I , we get
and thus We consider here the discrete mixed volume associated with W 1 and W 2 . In Figure 10 we have depicted a pure convex mixed subdivision S of P 1 + P 2 associated with some functions µ i : W i → R (where P i is the convex-hull of W i ). The sets W 1 , W 2 and W = W 1 + W 2 are in bold in Figure 10 . The mixed subdivision S contains six twodimensional polytopes, two of them are mixed polytopes, one non-mixed polytope is P 1 + (1, 2), the three others non-mixed polytopes are triangles which subdivide (0, 0) + P 2 . The point (2, 3) is an excessive point for this subdivision (with respect to any small generic vector δ) since (2, 3) = (1, 2) + (1, 1)
, which is the total area of the two mixed polytopes. If we interpret M V (P 1 , P 2 ) as the sum N (W) associated with the family defined by (2) of Example 4.1), we see that (2, 3) is not an excessive point for this family and the considered mixed subdivision, but on the other hand (2, 2) ∈ Z 2 \ W. Both points compensate each other when computing separatively N (W) and D(W 1 , W 2 ) using Proposition 4.8.
Let P ⊂ R n be a polytope and let δ 1 , . . . , δ n be linearly independent vectors in R n . Let k ∈ [n]. Denote by π k the restriction to P of the quotient map R n → R n / δ 1 , . . . , δ k . We define inductively a piecewise-linear manifold P δ 1 ,...,δ k ⊂ P and denote by ∆ k its image under the quotient map π k . We also check inductively that ∆ k is a polytope in R n / δ 1 , . . . , δ k . If k = 1, then P δ 1 is the lower part of P with respect to δ 1 and obviously ∆ 1 is a polytope in R n / δ 1 . Let k ∈ [n−1]. Assume that P δ 1 ,...,δ k has already been defined Figure 11 . A piecewise linear manifold P δ 1 ,δ 2 ⊂ P ⊂ R 3 and the polygon ∆ 1 ⊂ R 2 (here δ 1 = (0, 0, 1) and δ 2 = (1, 0, 0)).
and that ∆ k is a polytope. Then take the lower part of ∆ k with respect to π k (δ k+1 ) and define P δ 1 ,...,δ k+1 as its inverse image under π k :
It is obvious that ∆ k+1 is a polytope. Note that P δ 1 ,...,δ k+1 ⊂ P δ 1 ,...,δ k and that P δ 1 ,...,δ k is a contractible connected piecewise-linear manifold contained in P whose linear pieces are faces of P , see Figure 11 . Recall that P is polytope in R n and that m = dim P .
Lemma 4.11. We have P δ 1 ,...,δ k = P for k = 1, . . . , n − m and dim P δ 1 ,...,δ k = n − k for k ≥ n − m. In particular, P δ 1 ,...,δn is a vertex of P .
Proof. This follows by induction using the facts that P δ = P when P ⊂ R n has dimension smaller than n and dim P δ = n − 1 when dim P = n.
One may observe that if dim P = n then
where k ∈ [n − 1]. Note that the condition dim P = n cannot be removed since if dim P < n then the right member of the previous equality is equal to P .
For a given family W = (W I ) I⊂ [r] and linearly independent vectors δ 1 , . . . , δ n in R n , we define
where k ∈ [n] and with the convention that |W ∅ ∩ (P ∅ ) δ 1 ,...,δ k | = 1. We now relate N δ 1 ,...,δ k (W) with N δ 1 ,...,δ k+1 (W) assuming that W satisfies property (S). Let k ∈ [n − 1] and assume that W satisfies property (S) with respect to functions µ 1 , . . . , µ r . By Lemma 4.11, we have dim P δ 1 ,...,δ k ≤ n − k and P δ 1 ,...,δ k = P δ 1 ,...,δ k+1 when this inequality is strict.
Assume that P δ 1 ,...,δ k has dimension n − k and denote by F 1 , . . . , F s its facets. Write each facet F j as F j = r i=1 F i,j , where F i,j is a face of P i . Let S be the pure convex mixed subdivision of P associated with µ 1 , . . . , µ r . Denote by S j the pure convex mixed subdivision of F j associated with the restrictions of µ 1 , . . . , µ r to F 1,j , . . . , F r,j respectively. We simply have S j = S ∩ F j . By Lemma 4.6, the family
, where F I,j = i∈I F i,j , satisfies property (S) with respect to the restrictions of µ 1 , . . . , µ r to F 1,j , . . . , F r,j respectively. In order to apply Lemma 4.2, we need to project this family onto
is the convex subdivision of F i,j associated with µ i,j and S j = π k (S j ) is the pure convex mixed subdivision of F j associated with µ 1,j , . . . , µ r,j . Moreover, projecting
which satisfies property (S) with respect to µ 1,j , . . . , µ r,j . Note that F j has full dimension in R n / δ 1 , . . . , δ k since we assumed that P δ 1 ,...,δ k has dimension n − k and δ 1 , . . . , δ k are linearly independent.
We apply Lemma 4.2 to the family W F j . This gives for any nonempty proper subset I ⊂ [r] and δ = π k (δ k+1 ) an injective map
where Q ∈ S ,j is a summand of Q written as a sum of polytopes of S 1,j , . . . , S r,j respectively. Denote by A j the sum 
..,δ k = n − k and if δ is a sufficiently small vector not parallel to a polytope of S 1 ∪ · · · ∪ S s , then
Proof. We already showed that if dim P δ 1 ,...,δ k < n − k then N δ 1 ,...,δ k (W) = N δ 1 ,...,δ k+1 (W). So assume that dim P δ 1 ,...,δ k = n − k. Set P = π k (P δ 1 ,...,δ k ) and P I = π k ((P I ) δ 1 ,...,δ k ) for any I ⊂ [r]. Since δ is not parallel to a polytope of S 1 ∪ · · · ∪ S s , we have a disjoint union
Moreover, arguing as in the proof of Proposition 4.8, we obtain
Taking the sum for j = 1, . . . , s yields 
Assume that W = (W I ) I⊂[r] satisfies property (S) and let δ 1 , . . . , δ n ∈ R n be sufficiently small generic linearly independent vectors. For any nonempty I ⊂ [r], we get a contractible piecewise-linear submanifold (P I ) δ 1 ,...,δn of P I which has dimension zero (see Lemma 4.11) . Thus (P I ) δ 1 ,...,δn is a vertex of P I for any nonempty I ⊂ [r]. In fact, if u i is the vertex (P i ) δ 1 ,...,δn , then (P I ) δ 1 ,...,δn is the point i∈I u i , that we denote by u I . The definition of N δ 1 ,...,δn (W) translates then into the following result. (−1)
(2) If P 1 , . . . , P r are lattice polytopes in R n then
. . , W r are finite nonempty subsets of R n with convex-hulls P 1 , . . . , P r respectively, then
where Int abs (P I ) is the absolute interior of P I . (4) Let P 1 , . . . , P r be lattice polytopes in R n . With the same notations, we have
(5) Let P 1 , . . . , P r be polytopes in R n and S be a pure convex mixed subdivision of P = P 1 + · · · + P r associated with functions µ 1 , . . . , µ r . If V I is the set of vertices of the convex subdivision of P I associated with µ i for i ∈ I, then
Proof. We apply Corollary 4.13 and Proposition 4.14. In items (1), (2) and (5) Soprunov's Problem 2 in [1] asks for a combinatorial proof of the inequality |Z n ∩ Int abs (P )| ≥ M V (P 1 , . . . , P n )−1 which holds true for any n-dimensional lattice polytopes P 1 , . . . , P n ⊂ R n . As explained in Nill's note [18] , our proof of item (4) in Theorem 4.15 provides an answer to Soprunov's Problem. We also note that another combinatorial proof of the case r = n − 1 of item (2) has been obtained in [21] .
Our mixed irrational decomposition trick allows us to obtain the following interpretation of the sum N (W) associated with the family (5) in Example 4.1. Proposition 4.16. Let P 1 , . . . , P n be polytopes in R n and S be a pure convex mixed subdivision of P = P 1 + · · · + P n associated with functions µ 1 , . . . , µ n . If V I is the set of vertices of the convex subdivision of P I associated with µ i for i ∈ I, then
coincides with the number of mixed polytopes of S.
Proof. Denote by W the family (V I ) I⊂ [n] , which as we know satisfies property (S). Let δ be a sufficiently small generic vector in R n . Proposition 4.8 gives N (W) = A + |Exc S,δ | + N δ (W). But in our case A is exactly the number mixed polytopes and obviously Exc S,δ is empty. Proposition 4.12 yields N δ 1 ,...,δ k (W) = N δ 1 ,...,δ k+1 (W) since for this family we have |Exc S j ,δ | = 0 and A j = 0 for j = 1, . . . , s. Thus N δ (W) = N δ 1 ,...,δn (W) for sufficiently small generic linearly independent vectors δ 1 , . . . , δ n ∈ R n , and the result follows as N δ 1 ,...,δn (W) = (1 − 1) n = 0.
We note that an almost identical proof allows us to show the classical equality N (W) = M V (P 1 , . . . , P n ) for the family W defined by W I = Z n ∩ P I , see Example 4.7.
Discrete mixed volume and fewnomial bounds for tropical systems
Let W 1 , . . . , W r be finite subsets of R n and consider the associated discrete mixed volume
(−1)
Later on we will simply write W I for i∈I W i . One simple observation is the following one.
Proposition 5.1. Assume that for any nonempty I ⊂ [r], the map i∈I W i → i∈I W i , (w i ) i∈I → i∈I w i is bijective. Then
Proof. Indeed, we have i∈ The next result has a to be compared with Proposition 3.1. It shows some similarity between the classical mixed volume and the discrete one. Proposition 5.3. Let W 1 , . . . , W n be finite subsets of R n with convex-hulls Q 1 , . . . , Q n , respectively. Assume that Q = Q 1 + · · · + Q n has dimension n and each Q i is a segment. Then for any sufficiently small vector δ ∈ R n not parallel to a face of Q, we have
It it is not difficult to show using Lemma 4.4 that
n has dimension n and each Q i is a segment (see Figure 12 ). The main result of this section is the following one.
Theorem 5.4. The number of nondegenerate solutions of a tropical polynomial system with supports W 1 , . . . , W n ⊂ R n is bounded from above by D(W 1 , . . . , W n ).
Proof. By translating the tropical hypersurfaces by small vectors, we obtain a tropical polynomial system with at least the same number of nondegenerate solutions and whose dual mixed subdivision S is pure. Let δ be any sufficiently small generic vector in R n . Denote by W the family (W I ) i∈I . We apply Proposition 4.8 to obtain D(W 1 , . . . , W n ) = A + |Exc S,δ | + N δ (W). It is easy to show that if Q = Q 1 + · · · + Q n is a n-dimensional polytope with dim Q i = 1 for i = 1, . . . , n, and if δ is a sufficiently small vector in R n , then δ +Q contains at least one vertex of Q. Since the vertices of S belong to W, it follows that |W ∩ (δ + Q)| ≥ 1 for any mixed polytope Q ∈ S. Thus A is bounded from below by the number of mixed polytopes Q ∈ S. By Corollary 4.13, we have N δ (W) ≥ N δ,δ 2 ,...,δn (W) for any sufficiently small generic linearly independent vectors δ, δ 2 , . . . , δ n ∈ R n . Applying Proposition 4.14 yields then N δ,δ 2 ,...,δn (W) = 0. Therefore, the number of mixed polytopes of S does not exceed D(W 1 , . . . , W n ).
Note that in Theorem 5.4 we do not assume that W 1 , . . . , W n ⊂ Z n . Consider finite sets W 1 , . . . , W n ⊂ Z n with convex-hulls P 1 , . . . , P n respectively. We want to compare D(W 1 , . . . , W n ) with M V (P 1 , . . . , P n ). We again apply Proposition 4.8 to obtain
Recall that A is the sum over all mixed polytopes Q ∈ S of the quantities |W ∩ (δ + Q)|. On the other hand, the mixed volume M V (P 1 , . . . , P n ) is the sum over the same polytopes of the quantities |Z n ∩ (δ + Q)| (see Proposition 3.1 and Proposition 3.2). Thus A ≤ M V (P 1 , . . . , P n ), and if |Exc S,δ | = N δ (W) = 0, then D(W 1 , . . . , W n ) ≤ M V (P 1 , . . . , P n ). However, the latter inequality is not always true due to the presence of excessive points for S, or for intermediate subdivisions S j as considered in Proposition 4.12 (it may happen that some N δ 1 ,...,δ k (W) is strictly positive in Corollary 4.13). A simple example is provided in Example 5.5. On the other hand, if W 1 , . . . , W n are sets for which there exists a convex mixed pure subdivision S with maximal set of vertices W 1 + · · · + W n , then we easily get D(W 1 , . . . , W n ) = A so that D(W 1 , . . . , W n ) ≤ M V (P 1 , . . . , P n ). Figure 15 .
= +
Example 5.5. In Figure 15 we have W 1 = {(0, 0), (1, 0), (1, 1), (0, 1)}, W 2 = {(0, 0), (2, 0)}. Then D(W 1 , W 2 ) = 8−4−2+1 = 3 > 2 = MV(P 1 , P 2 ). If we consider the quantity N δ (W) associated with δ = (0, 1) and the family W formed by the sets W 1 , W 2 and W 1 + W 2 , we retrieve the example given in Figure 9 providing an excessive point.
There is an important difference between the discrete mixed volume and the classical one. Namely, as it is well-known the classical mixed volume is increasing, which means that M V (P 1 , . . . , P n ) ≤ M V (P 1 , . . . , P n ) if P i ⊂ P i for i = 1, . . . , n. This is not the case for the discrete mixed volume as shown in Example 5.6. (|W i | − 1).
Proof. Let S be any pure convex mixed subdivision of P = P 1 + · · · + P r induced by functions µ i : W i → R. For i = 1, . . . , r, translate each point w i ∈ W i into a pointw i by a small vector in order to get a bijective map between W i and the setW i of pointsw i , and also a bijection This inequality can be strict when a given point of (W 1 + · · · + W r ) ∩ Q can be written in several ways as a sum of points of W 1 , . . . , W r . Therefore, A ≤Ã. On the other hand, we obviously have |Exc S,δ | = |ExcS ,δ |. Thus we are reduced to show that N δ (W 1 , . . . , W r ) ≤ N δ (W 1 , . . . ,W r ). Applying Proposition 4.12, we obtain just as before A j ≤Ã j and |Exc S j ,δ | = |ExcS j ,δ | for j = 1, . . . , s. Thus, it remains to prove that for small generic linearly independent vectors δ 1 , . . . , δ n , we have N δ 1 ,...,δn (W 1 , . . . , W r ) ≤ N δ 1 ,...,δn (W 1 , . . . ,W r ). But both members of this inequality vanish due to Proposition 4.14.
The discrete mixed volume is equal to the Kouchnirenko bound when the considered sets are in general position. On the opposite side, it could be interesting to estimate the discrete mixed volume when all considered sets are equal. When r = 2 this is easy. When |W| = 4 the bound in Proposition 5.8 is 3 and is sharp, see [19] . When |W| = 5, the bound in Proposition 5.8 is 6. To our knowledge, it is not known if this bound if sharp or not.
